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Study results of developing an attitude control system for agile spacecraft that require rapid retargeting and
fast transient settling are presented. In particular, a nonlinear feedback control logic is developed for large-angle,
rapid multitarget acquisition and pointing maneuvers subject to various physical constraints, including actuator
saturation, slew rate limit, and control bandwidth limit. The rapid multitarget acquisition and pointing capability
of the proposed attitude control system is demonstrated for an agile spacecraft equipped with redundant single-
gimbal control moment gyros. A realistic case of pointing the line of sight of an imaging satellite in low Earth orbit
toward multiple targets on the ground is also brie� y discussed.

I. Introduction

A SPACECRAFT that requires rapid rotational maneuverability
or agility is called an agile spacecraft. Such agile spacecraft

require an attitude control system that provides rapid multitarget
acquisition, pointing, and tracking capabilities.

Future space platforms such as the missile-trackingsatellites and
the synthetic aperture radar satellites for tracking moving ground
targets will, of necessity, require rapid rotational maneuverability
or agility.The next-generationcommercialEarth-imagingsatellites,
including the recently launched Ikonos satellite, will also require
rapid rotationalmaneuverabilityfor high-resolutionimages. Rather
than sweep the imaging system from side to side, the whole space-
craft body will turn rapidly. Pointing the entire spacecraft allows
the imaging system to achieve a higher de� nition and improves the
resolution for its images. Because the overall cost and effectiveness
of such agile spacecraft is greatly affected by the average retarget-
ing time, the developmentof intelligentcontrol algorithms for rapid
retargeting is crucial.

Such rapid retargetingmaneuvers are often subjected to the phys-
ical limits of actuators, sensors, spacecraft structural rigidity, and
othermission constraints.Large-angleslew maneuver logic of most
spacecraft, including the recently � own Clementine spacecraft, is
often driven by wheel momentum as well as torque saturation, but
not by sensors.On the other hand, the rest-to-restslew control prob-
lem of the x-ray timing explorer (XTE) spacecraft is mainly driven
by the slew rate constraintcaused by the saturation limit of low-rate
gyros. The angular momentum change of the XTE spacecraft dur-
ing its planned slew maneuvers is well within its wheel momentum
saturation limit. For certain missions, it may also be necessary to
maintain rotationabout an inertially � xed axis during an acquisition
mode so that a particular sensor can pick up a particular target.

In particular,when control moment gyros (CMGs) are employed
as primary actuators because of their much higher control torque
capability of 100–5000 N ¢ m maximum torque compared with re-
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actionwheelswith 1–2 N ¢ m maximumtorque,the CMG singularity
problembecomesone of the major constraintson the maneuverabil-
ity of such agile spacecraft.When agile spacecraftare controlledby
CMGs, momentum saturation, singularity avoidance, and gimbal
rate saturation need to be further considered in developing an at-
titude control system for large-angle, rapid multitarget acquisition
and pointing maneuvers.

In thispaper,expandingon thepreviouswork in Refs. 1–4, we fur-
ther developa nonlinearfeedbackcontrol logic for rapid retargeting
controlof agile spacecraftsubjectto variousphysicalconstraints,in-
cludingactuator saturation,slew rate limit, control bandwidth limit,
and/or eigenaxis slew constraints.

The remainder of this paper is organized as follows. In Sec. II,
a single-axis attitude control problem is described to illustrate the
proposednonlinearcontrolalgorithmof achievingrapid, large-angle
retargetingand fast transient settling in the presence of the actuator
saturation and slew rate limit. Section III is a numerical example of
this. In Sec. IV a three-axis quaternion feedback control problem is
described, and the nonlinear control algorithm illustrated in Sec. II
is extended to the three-axis attitude control problem. In Sec. V
the proposed nonlinear control logic is applied to a rapid, retarget-
ing control problem of an agile spacecraft equipped with redundant
single-gimbal CMGs. In Sec. VI, a more realistic case of pointing
the line of sight of an imaging satellite in low Earth orbit toward
multiple targets on the ground is also brie� y discussed. This com-
plex problem was the main motivation for developing the proposed
nonlinear control logic.

II. Single-Axis Attitude Control
For the purpose of illustrating the proposed nonlinear feedback

control logic, consider the single-axis attitude control problem of a
rigid spacecraft described by

J Rµ D u; ju.t/j · U (1)

where J is the spacecraft moment of inertia, µ the attitude angle,
and u the control torque input with the saturation limit of §U .

The time-optimalfeedbackcontrol logic for the commandedcon-
stant attitude angle of µc is given by5

u D ¡Usgn[e C .1=2a/ Pµ j Pµ j] (2)

where e D µ ¡ µc and a D U=J is the maximum control accelera-
tion. The signum function is de� ned as sgn.x/ D 1 if x > 0 and
sgn.x/ D ¡1 if x < 0.

In practice,a direct implementationof such an ideal, time-optimal
switching control logic results in a chattering problem. Conse-
quently, there exist various ways of avoiding such a chattering
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problem inherent in the ideal, time-optimal switching control logic.
Consider a feedback control logic of the form

u D ¡sat
U

©
K sat

L
.e/ C C Pµ

ª
(3)

where e D µ ¡ µc and K and C are, respectively, the attitude and
attituderate gains to beproperlydetermined.The saturationfunction
is de� ned as

sat
L

.e/ D

8
<

:

L if e ¸ L

e if jej < L

¡L if e · ¡L

(4)

and it can also be represented as

sat
L

.e/ D sgn.e/ minfjej; Lg (5)

Becauseof the presenceof a limiter in the attitude-errorfeedback
loop, the attitude rate becomes constrained as

¡j Pµ jmax · Pµ · j Pµ jmax (6)

where j Pµ jmax D LK=C . For most practical cases, a proper use of the
feedback control logic (3) will result in a typical bang-off–bang
control.

For the nominal range of attitude-error signals that do not satu-
rate the actuator, the controller gains, K D k J and C D cJ , can be
determined such that

k D !2
n; c D 2³!n (7)

where !n and ³ are, respectively, the desired or speci� ed linear
controlbandwidthand damping ratio. Furthermore, if the maximum
slew rate is speci� ed as j Pµ jmax , then the limiter in the attitude-error
feedback loop can be selected simply as

L D .C=K /j Pµ jmax D .c=k/j Pµ jmax (8)

However, as the attitude-error signal gets larger, and also as the
slew rate limit becomes larger for rapid maneuvers, the overall re-
sponsebecomessluggishwith increasedtransientovershootbecause
of the actuator saturation. To achieve rapid transient settlings even
for large commanded attitude angles, the slew rate limit needs to be
adjusted as developed in Ref. 6, as follows:

j Pµ jmax D min
©p

2ajej; j!jmax

ª
(9)

where e D µ ¡ µc is the attitude error, j!jmax is the speci� ed maxi-
mum slew rate, and a D U=J is the maximum control acceleration.
A smaller value than the nominal a is to be used to accommodate
variousuncertaintiesin the spacecraftinertiaand actuatordynamics.

Such a variable limiter in the attitude-errorfeedback loop has the
self-adjustingsaturation limit,

L D .C=K /j Pµ jmax D .c=k/j Pµ jmax D .c=k/ min
©p

2ajej; j!jmax

ª

(10)

and we obtain a nonlinear control logic of the form

u D ¡sat
U

©
K sat

L
.e/ C C Pµ

ª
D

¡sat
U

©
k J sgn.e/ min

£
jej; .c=k/

p
2ajej; .c=k/j!jmax

¤
C cJ Pµ

ª

(11)

If an integral control is necessary to eliminate a steady-state
pointing error due to any constant external disturbance, the feed-
back control logic (11) can be further modi� ed into the following
proportional– integral–derivative (PID) saturation control logic,

u D ¡sat
U

»
K sat

L

³
e C 1

T

Z
e

´
C C Pµ

¼
(12)

where T is the time constant of integral control and L is given by
Eq. (10). In terms of the standard notation for PID controller gains,
K P , K I , and K D , we have

K P D K ; K I D K =T; K D D C (13)

The PID controller gains can be determined as

K P D J
¡
!2

n C 2³!n=T
¢

(14a)

K I D J
¡
!2

n

¯
T

¢
(14b)

K D D J .2³! C 1=T / (14c)

and the time constant T of integral control is often selected as
T ¼10=.³ !n/.

If the attitude reference input to be tracked is a smooth function,
insteadof a multistep input,we may employa PID saturationcontrol
logic of the following form:

u D ¡sat
U

»
k J sat

L

³
e C 1

T

Z
e

´
C cJ Pe

¼
(15)

where e D µ ¡ µc .
Also note that the equivalent single-axis representation of the

quaternion-error feedback control logic to be described in Sec. IV
is given by

u D ¡sat
U

»
2k J sat

L

³
e C 1

T

Z
e

´
C cJ Pµ

¼
(16)

where e D sin 1
2 .µ ¡ µc/ and

L D .c=2k/j Pµ jmax D .c=2k/ min
©p

4ajej; j!jmax

ª
(17)

For a PID-type saturationcontrol logicof form (12), (15), or (16),
the so-called integrator antiwindup or integrator synchronizationis
necessaryto avoid the phenomenonknown as integratorwindup, in-
herent in all PID-type controllers with actuator saturation.7;8 Such
integratorwindup results in substantial transientovershootand con-
trol effort. If the controller is implemented on a digital computer,
integrator antiwindup can be simply achieved by turning off the
integral action as soon as the actuator or any other limiter in the
control loop saturates.

III. Numerical Example
Consider the single-axis attitude control problem of a � exible

spacecraft with colocated actuator and sensor, described by the
transfer function

µ.s/

u.s/
D 1

Js2

s2
¯

!2
z C 1

s2
¯

!2
p C 1

(18)

The nominal spacecraft parameters are assumed as J D
21,400 kg ¢ m2, !z D 5 rad/s, and !p D 6 rad/s. For simplicity, only
one dominant � exible mode is included. Actuator dynamics is as-
sumed as

u=uc D .50/2=[s2 C 2.0:7/.50/s C .50/2] (19)

where u is the actual control torque acting on the spacecraft and
uc is the control torque command with the saturation limit of
§1000 N ¢ m. A PID saturation feedback control logic of form (12)
is considered.

Assuming !n D 3 rad/s, ³ D0:9, and T D 10 s, we can determine
the controller gains K D k J and C D cJ as

k D !2
n C 2³!n=T D 9:54; c D 2³!n C 1=T D 5:5

Commanded attitude angles for two successive rest-to-rest maneu-
vers are assumed as µc D 10 deg for 0 · t < 20 s and µc D 50 deg for
t ¸ 20 s.

Simulation results for the followingtwo controllersare compared
in Figs. 1 and 2. Equations (20a) and (20b) represent controllers 1
and 2, respectively,

uc D ¡sat
U

»
k J

³
e C 1

T

Z
e

´
C cJ Pµ

¼
(20a)

uc D ¡sat
U

»
k J sat

L

³
e C 1

T

Z
e

´
C cJ Pµ

¼
(20b)

L D .c=k/ min
©p

2ajej; j!jmax

ª
(20c)
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Fig. 1 Simulation results of the standard PID saturation control logic
without variable limiter L (controller 1).

Fig. 2 Simulation results of the constant-gain PID saturation control
logic with variable limiter L (controller 2).

where e D µ ¡ µc . The maximum slew rate is assumed as
j!jmax D 10 deg/s for controller 2. The maximum control accel-
eration a is chosen as 70% of U=J to accommodate the actuator
dynamics as well as the control acceleration uncertainty.

Figure 1 shows the simulation results for controller 1; the slug-
gish response with excessive transient overshoot caused by the ac-
tuator saturation is evident for the large commanded attitude an-
gle of 50 deg. As shown in Fig. 2, however, the rapid retargeting
capability (without excessive transient overshoot) of the proposed
constant-gain, PID-type control system with the variable limiter L
is demonstrated.

IV. Three-Axis Quaternion Feedback Control
In this section, a three-axis quaternion feedback control problem

is described,and thenonlinearcontrolalgorithmillustratedin Sec. II
is extended to the three-axis attitude control problem.

A. Quaternion Feedback Control Logic
Consider the rotational equations of motion of a rigid spacecraft

described by

J P! C ! £ J! D u (21)

where J is the inertia matrix, ! D .!1; !2; !3/ the angular velocity
vector,andu D .u1; u2; u3/ the controltorqueinputvector.The cross
product of two vectors is represented in matrix notation as

! £ h ´

2

4
0 ¡!3 !2

!3 0 ¡!1

¡!2 !1 0

3

5

2

4
h1

h2

h3

3

5 (22)

whereh D J! is theangularmomentumvector.It is assumed that the
angular velocityvector components!i along the body-� xed control
axes are measured by rate gyros.

Let a unit vector along the Euler axis be denoted by ¸ D
.¸1; ¸2; ¸3/ where ¸i are the direction cosines of the Euler axis rel-
ative to either an inertial reference frame or the body-� xed control
axes. The four elements of quaternions are then de� ned as

q1 D ¸1 sin.µ=2/ (23a)

q2 D ¸2 sin.µ=2/ (23b)

q3 D ¸3 sin.µ=2/ (23c)

q4 D cos.µ=2/ (23d)

where µ denotes the rotationangle about the Euler axis, and we have
q2

1 C q2
2 C q2

3 C q2
4 D 1.

The quaternion kinematic direrential equations are given by
2

664

Pq1

Pq2

Pq3

Pq4

3

775 D
1

2

2

664

0 !3 ¡!2 !1

¡!3 0 !1 !2

!2 ¡!1 0 !3

¡!1 ¡!2 ¡!3 0

3

775

2

664

q1

q2

q3

q4

3

775 (24)

Similar to the Euler-axisvector¸ D .¸1; ¸2; ¸3/, de� ne a quaternion
vector q D .q1; q2; q3/ such that

q D ¸ sin.µ=2/ (25)

Note that in this paper the vector part of the quaternions, denoted
by q D .q1; q2; q3/, is simply called the quaternion vector. Then,
Eq. (24) can be rewritten as

Pq D ¡ 1
2 ! £ q C 1

2
q4! (26a)

Pq4 D ¡ 1
2 !T q (26b)

where

! £ q ´

2

4
0 ¡!3 !2

!3 0 ¡!1

¡!2 !1 0

3

5

2

4
q1

q2

q3

3

5 (27)

Because quaternions are well suited for onboard real-time com-
putation,spacecraftorientationis nowcommonlydescribedin terms
of the quaternions,and a linear state-feedbackcontroller of the fol-
lowing form can be considered for real-time implementation:

u D ¡Kq ¡ C! (28)

where K and C are controller gain matrices to be properly deter-
mined.

If the commanded attitude quaternion vector is given as qc D
.q1c; q2c; q3c/, then the control logic (28) can be simply modi� ed
into the following form:

u D ¡Ke ¡ C! (29)

where e D .e1; e2; e3/ is called the attitude-error vector. The com-
manded attitude quaternions (q1c; q2c; q3c; q4c) and the current at-
titude quaternions (q1 , q2, q3, q4 ) are related to the attitude-error
quaternions (e1, e2, e3 , e4 ) as follows:

2

664

e1

e2

e3

e4

3

775 D

2

664

q4c q3c ¡q2c ¡q1c

¡q3c q4c q1c ¡q2c

q2c ¡q1c q4c ¡q3c

q1c q2c q3c q4c

3

775

2

664

q1

q2

q3

q4

3

775 (30)
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It was shownin Refs. 1 and2 that theclosed-loopnonlinearsystem
of a rigid spacecraft with the linear state-feedbackcontroller of the
form (28) or (29) is globally asymptotically stable for the follow-
ing gain selections: 1) controller 1: K D 2kI, C D diag.c1; c2; c3/;
2) controller 2: K D .2k=q3

4 /I, C D diag.c1; c2; c3/; 3) controller
3: K D 2k sgn.q4/I, C D diag.c1; c2; c3/; and 4) controller 4: K D
[®J C ¯I]¡1 , K¡1C > 0, where k and ci are positivescalar constants,
I is a 3 £ 3 identity matrix, sgn(¢) denotes the signum function, and
® and ¯ are nonnegative scalars. Note that controller 1 is a special
case of controller 4 and that ¯ can be selected as zero when ® 6D 0.
Controllers 2 and 3 approach the origin, either (0, 0, 0, C1) or (0, 0,
0, ¡1), by taking a shorter angular path.

B. Eigenaxis Rotation
The gyroscopic term of Euler’s rotational equation of motion is

not signi� cant for most practical rotationalmaneuvers.However, in
some cases, it may be desirable to directly counteract the term by
control torque as

u D ¡Ke ¡ C! C ! £ J! (31)

It was shown in Ref. 2 that the closed-loop system with the con-
troller (31) is globally asymptotically stable if the matrix K¡1C is
positive de� nite. A natural selection of K and C for guaranteeing
such condition is K D 2kJ and C D cJ, where k and c are positive
scalar constants to be properly selected. We often choose k and c
as k ¼ !2

n and c ¼ 2³!n , where !n and ³ are, respectively, the de-
sired or speci� ed linear control bandwidth and damping ratio of the
three-axis attitude control system.

Furthermore, a rigid spacecraft with the controller

u D ¡J.2ke C c!/ C ! £ J! (32)

performs a rest-to-rest reorientation maneuver about an eigenaxis
along the commanded quaternion vector qc.

An integralcontrol,if needed,canalsobe addedto thequaternion-
error feedback control logic (32), as follows:

u D ¡J

³
2ke C 2k

T

Z
e C c!

´
C ! £ J! (33)

where T is the time constantof quaternion-errorintegralcontrol.Be-
cause the gyroscopicdecoupling control term, ! £ J!, of Eq. (33)
is not needed for most practical rotational maneuvers, the term will
not be considered in the remainder of this paper.

C. Cascade-Saturation Control Logic
Consider the rotational equations of motion of a rigid spacecraft

described by

Pq D f.q; !/ D ¡ 1
2 ! £ q § 1

2

p
1 ¡ kqk2! (34a)

P! D g.!; u/ D J¡1.¡! £ J! C u/ (34b)

whereJ is the inertiamatrix,q D .q1; q2; q3/ is thequaternionvector,
! D .!1; !2; !3/ is the angular velocity vector, u D .u1; u2; u3/ is
the control input vector, and

kqk2 ´ qT q D q2
1 C q2

2 C q2
3 (35)

The state vector of the system, denoted by x, is then de� ned as

x D
µ

q

!

¶
(36)

A dynamic system described by a set of differential equations
of the form (34) is called a cascaded system because q does not
appear in Eq. (34b). Saturation functionsemployed for the cascade-
saturation controller can be de� ned as follows.

A saturationfunctionof an n-dimensionalvectorx D .x1; : : : ; xn/
is de� ned as

sat
Li

.x/ D

2

6664

satL1 .x1/

satL2 .x2/
:::

satLn .xn/

3

7775
(37)

Similarly, a signum function of an n-dimensional vector x is de-
� ned as

sgn.x/ D

2

6664

sgn.x1/

sgn.x2/
:::

sgn.xn/

3

7775
(38)

A normalized saturation function of an n-dimensionalvector x is
de� ned as

sat
U

.x/ D
»

x if ¹.x/ < U

x[U=¹.x/] if ¹.x/ ¸ U (39)

where ¹.x/ is a positive scalar function of x that characterizes the
largeness of the vector x.

Because the largeness of a vector x is often characterized by its
norms, we may choose ¹.x/ D kxk2 D

p
.xT x/ or ¹.x/ D kxk1 D

maxfx1; : : : ; xng Note that the normalized saturation of a vector x,
as de� ned earlier, has the same directionof the vector x itself before
saturation, that is, it maintains the direction of the vector.

A state-feedback controller of the following form is called the
m-layer cascade-saturationcontroller,

u D Qm sat
U

n
Pmx C ¢ ¢ ¢ C Q2 sat

h
P2x C Q1 sat

L i

.P1x/

io
(40)

where Pi and Qi are the controller gain matrices to be properly
determined. If Qi and Pi are diagonal matrices, then we have an m-
layer decentralizedcascade-saturationcontroller.The simplest form
of a two-layer cascade-saturationcontrol logic for a rigid spacecraft
can be expressed as3;4

u D ¡sat
U

h
P! C Q sat

Li

.q/

i
(41)

D. Slew Rate Limit and Control Input Saturation
Consider a rigid spacecraft that is required to maneuver about

an inertially � xed axis as fast as possible, but not exceeding the
speci� ed maximum slew rate about that eigenaxis. The following
saturation control logic provides such a rest-to-rest eigenaxis rota-
tion under slew rate constraint3;4

u D ¡K sat
L i

³
e C 1

T

Z
e

´
¡ C!

D ¡J

»
2k sat

L i

³
e C 1

T

Z
e

´
C c!

¼
(42)

where e D .e1; e2; e3/ is the quaternion-error vector, K D 2kJ, C D
cJ, and the saturation limits L i are determined as

L i D .c=2k/j!i jmax (43)

where j!i jmax is the speci� ed maximum angular rate about each
axis.

Assume that the control torque input for each axis is constrained
as

¡U · ui .t/ · C U; i D 1; 2; 3 (44)

where U is the saturation limit of each control input. Then, a control
logic that accommodatespossiblecontrol torque inputsaturationbut
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that still provides an eigenaxis rotation under slew rate constraint
can be expressed as

¿ D ¡J

»
2k sat

L i

³
e C 1

T

Z
e

´
C c!

¼
(45)

u D sat
U

.¿ / D
»

¿ if k¿k1 < U

U .¿=k¿ k1/ if k¿ k1 ¸ U (46)

where k¿ k1 D maxfj¿1j; j¿2j; j¿3jg.
Similar to the case of single-axis attitude control discussed in

Sec. I for achieving rapid transient settlings for large attitude-error
signals, the slew rate limit is adjusted as

L i D .c=2k/ min
©p

4ai jei j; j!i jmax

ª
(47)

where ai D U=Jii is the maximum control accelerationabout the i th
control axis and where j!i jmax is the speci� ed maximum angular
rate about each axis.

E. Simulation Results
Consider the three-axisattitude control problem of a rigid space-

craft with the following nominal inertia matrix in units of kg ¢ m2:

J D

2

4
21,400 2100 1800

2100 20,100 500

1800 500 5000

3

5 (48)

Actuator dynamics in each axis is assumed as

ui=ui c D .50/2=[s2 C 2.0:7/.50/s C .50/2] (49)

where ui is the actual control torque acting along the i th control
axis of the spacecraft and u ic is the control torque command with
the saturation limit of §1000 N ¢ m.

The proposed three-axis control logic is then given by

¿ D ¡J

»
2k sat

L i

³
e C 1

T

Z
e

´
C c!

¼
(50)

where e is the quaternion-errorvector and

L i D .c=2k/ min
©p

4ai jei j; j!i jmax

ª
(51)

u D sat
U

.¿ / D
»

¿ if k¿k1 < U

U .¿=k¿ k1/ if k¿ k1 ¸ U (52)

Assuming !n D 3 rad/s, ³ D 0:9, and T D 10 s, we can determine the
controllergainsk andc as k D !2

n C 2³!n=T D 9:54 and c D 2³!n C
1=T D 5:5. The maximum angular rate is assumed as j!i jmax D
10 deg/s. The maximum control accelerationai is chosen as 40% of
U=Jii to accommodate the actuator dynamics, the nonlinear nature
of quaternion-basedphase-planedynamics,and controlacceleration
uncertainty.

Figure 3 shows the time histories of attitude quaternions for the
proposed three-axis control system but without employing the vari-
able limiter. The sluggish response with excessive transient over-
shootis evidentfor twosuccessive,large-angleroll/pitchmaneuvers.
As shown in Fig. 4, the rapid multitarget acquisition and point-
ing capability of the proposed constant-gain control system with
the variable limiter L is demonstrated. The angular rates are main-
tained within the speci� ed limit of 10 deg/s, as can be seen in Fig. 5.
Figure 6 shows the time histories of control input torques required
to achieve such large-angle, rapid retargeting maneuvers.

V. Agile Spacecraft Control Using CMGs
The proposed nonlinear feedback control logic is now applied to

a more realistic problem of controllingan agile spacecraft using re-
dundant single-gimbalCMGs. The control objective is to maneuver
the spacecraft as fast as possible in the presence of the CMG inter-
nal singularities,momentum saturation, slew rate limit, and gimbal
rate limits. Detailed discussions of a singularity problem inherent
in a system of redundant single-gimbal CMGs can be found in the
literature.9¡17

Fig. 3 Time histories of spacecraft attitude quaternions (constant-gain
controller without variable limiter L).

Fig. 4 Time histories of spacecraft attitude quaternions (constant-gain
controller with variable limiter L).

Fig. 5 Time histories of spacecraft angular rates (constant-gain con-
troller with variable limiter L).
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Fig. 6 Time histories of spacecraft control torques (constant-gain con-
troller with variable limiter L).

Fig. 7 Pyramid mounting arrangement of four single-gimbal CMGs.

A. Singe-Gimbal CMG Array and Pseudoinverse Steering Logic
Consider a typicalpyramidmounting arrangementof four single-

gimbal CMGs as shown in Fig. 7. A rigid spacecraft controlled by
such CMGs is simply modeled as

J P! C ! £ J! D ¿ (53a)

Ph C ! £ h D ¡¿ (53b)

where ¿ is the internal control torque vector generated by CMGs
and h is the total CMG momentum vector. The CMG gimbal rate
vector, P± D .±1; ±2; ±3; ±4/, is related to the CMG torque vector Ph as
follows:

A P± D Ph (54)

where A is called the Jacobian matrix de� ned as

A D

2

4
¡c¯ cos ±1 sin ±2 c¯ cos ±3 ¡sin ±4

¡sin ±1 ¡c¯ cos ±2 sin ±3 c¯ cos ±4

s¯ cos ±1 s¯ cos ±2 s¯ cos ±3 s¯ cos ±4

3

5 (55)

where c¯ ´ cos ¯ , s¯ ´ sin ¯, and ¯ is the skew angle shown in
Fig. 7.

For a known spacecraftcontrol torque input ¿ , the CMG momen-
tum rate command or torque command Ph can be chosen as

Ph ´ u D ¡¿ ¡ ! £ h (56)

and the gimbal rate command P± is then obtained as

P± D ACu where AC D AT .AAT /¡1 (57)

which is often referred to as the pseudoinversesteering logic. Most
CMG steering laws determine the gimbal rate commandswith some
variant of pseudoinverse.

Most existing pseudoinverse-based, local inversion, or tangent
methods, including the singularityrobust (SR) inverse logic18 of the
form

P± D ACu where AC D AT .AAT C ¸I/¡1 (58)

donot always guaranteesingularityavoidanceandoftenunnecessar-
ily constrain the operational momentum envelope of single-gimbal
CMG systems. A single-gimbal CMG system with the SR inverse
logic can become singular even in the presenceof sensornoise. Fur-
thermore, if it does become singular and a control torque is com-
manded along the singular direction, the system becomes trapped
in the singular state because the SR inverse is unable to command
nonzero gimbal rates.

B. Generalized SR Inverse
A simple yet effective way of passing through, and also es-

caping from, any internal singularities was developed recently in
Refs. 19–21. The proposed logic is mainly intended for typical re-
orientation maneuvers in which precision pointing or tracking is
not requiredduring reorientationmaneuvers,and it fully utilizes the
available CMG momentum space in the presence of any singulari-
ties.Althoughthereare specialmissionsin whichprescribedattitude
trajectoriesare to be exactly tracked in the presence of internal sin-
gularities,most practicalcaseswill requirea tradeoffbetween robust
singularitytransit/escapeand the resulting,transientpointingerrors.

A CMG steering logic based on the generalized SR inverse19¡21

is simply given by

P± D A#u where A# D AT [AAT C ¸E]¡1 (59)

and

E D

2

4
1 ²3 ²2

²3 1 ²1

²2 ²1 1

3

5 > 0 (60)

The scalar ¸ and the off-diagonal elements ²i are to be properly
selected such that A#u 6D 0 for any nonzero constant u.

Note that there exists always a null vector of A# because
rank(A#/ < 3 for any ¸ and ²i when the Jacobian matrix A is sin-
gular. Consequently,a simple way of guaranteeingthat A#u 6D 0 for
any nonzero constant u command is to continuously modulate ²i ,
for example, as follows:

²i D ²0 sin.!t C Ái / (61)

where the amplitude ²0 , the modulationfrequency!, and the phases
Ái need to be appropriately selected.19¡21

It is emphasized that the generalized SR inverse is based on the
mixed two-normand weightedleast-squaresminimization,although
the resulting effect is somewhat similar to that of arti� cially mis-
aligningthecommandedcontroltorquevectorfrom the singularvec-
tor directions. Because the proposed steering logic is based on the
minimum two-norm, pseudoinverse solution, it does not explicitly
avoid singularity encounter. Rather, it approaches and rapidly tran-
sits unavoidablesingularitieswhenever needed.The proposed logic
effectively generates deterministic dither signals when the system
becomes near singular.Any internalsingularitiescan be escaped for
any nonzeroconstant torque commands using the proposedsteering
logic.

C. Simulation Results
The nonlinear feedback control logic developed in this paper is

nowintegratedwith theCMG steeringlogicbasedon thegeneralized
SR inverse.19¡21

A spacecraft with the following inertia matrix is considered:

J D

2

4
21,400 2100 1800

2100 20,100 500

1800 500 5000

3

5 kg ¢ m2 (62)

The yaw axis with the smallest moment of inertia is pointing toward
a target.
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Consider a typicalpyramidmounting arrangementof four single-
gimbal CMGs as shown in Fig. 7. A skew angle ¯ of 53.13 deg (i.e.,
cos¯ D 0:6, sin ¯ D 0:8) and 1000 N ¢ m ¢ s momentum magnitude
for each CMG are assumed. The total maximum CMG momentum
available then becomes 3200 N ¢ m ¢ s (not 4000 N ¢ m ¢ s) due to the
pyramid mounting arrangement of four CMGs with ¯ D 53:13 deg.
The gimbal rate command limit of each CMG is assumed as 1 rad/s.
It is also assumed that the attitude control bandwidth needs to be
lower than 5 rad/s and the maximum slew rate less than 10 deg/s.

The proposed nonlinear attitude control system, consistingof the
quaternion-errorfeedbackcontrol logicwith the variable limiter and
the CMG steering logic based on the generalized SR inverse A# , is
then described by

¿ D ¡J

»
2k sat

L i

³
e C 1

T

Z
e

´
C c!

¼
(63a)

L i D .c=2k/ min
©p

4ai jei j; j!i jmax

ª
(63b)

A# D AT [AAT C ¸E]¡1 (63c)

u D ¡¿ ¡ ! £ h (63d)

P±c D sat
§P±max

fA#ug (63e)

P± D .50/2

s2 C 2.0:7/.50/s C .50/2
P±c (63f)

where P±max D 1 rad/s and j!i jmax D 10 deg/s. Similar to the numer-
ical example in Sec. IV, if !n D 3 rad/s, ³ D 0:9, and T D 10 s, the
controller gains k and c are chosen as k D !2

n C 2³!n=T D 9:54
and c D 2³!n C 1=T D 5:5. The maximum control acceleration ai

is chosen as 40% of U=Jii to accommodate the actuator dynamics,
nonlinear nature of quaternion kinematics, and control acceleration
uncertainty.

For the normalized Jacobian matrix A, the scale factor ¸ and E
are chosen as

¸ D 0:01 exp[¡10 det.AAT /] (64a)

E D

2

4
1 ²3 ²2

²3 1 ²1

²2 ²1 1

3

5 (64b)

where ²i D 0:01 sin.0:5¼ t C Ái / with Á1 D 0, Á2 D ¼=2, and Á3 D ¼ .
Simulation results for two successive, large-angle roll/pitch ma-

neuvers are presentedin Figs. 8–11. The rapid retargetingcapability
of the proposednonlinearcontrol system is demonstrated,as shown

Fig. 8 Time histories of spacecraft attitude quaternions (constant-gain
controller with variable limiter L).

Fig. 9 Time histories of spacecraft angular rates (constant-gain con-
troller with variable limiter L).

Fig. 10 Time histories of spacecraft control torques generated by
CMGs (constant-gain controller with variable limiter L).

Fig. 11 Time histories of CMG momentum and singularity measures
(constant-gain controller with variable limiter L).
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in Fig. 8. Note that the overall responses shown in Figs. 8–10 for
the case of spacecraft equipped CMGs are very similar to those in
Figs. 4–6 for the generic three-axis control problem of Sec. IV. The
time historiesof CMG-generatedcontrol torques, shown in Fig. 10,
are somewhat complex due to the CMG singularity problem.

The plots of the total CMG momentum and singularitymeasures,
shown in Fig. 11, indicate that the CMG system with the proposed
control logic successfully passed through the internal singularities
and also utilizes the maximum CMG momentum of 3200 N ¢ m ¢ s
to achieve a rapid reorientationof the spacecraft.As can be seen in
Fig. 11, the new CMG steering logic19¡21 does not explicitly avoid
singularity encounters, but it rather approaches and rapidly transits
the internal singularitieswhenever necessary.

In the next section, we will brie� y discuss a more realistic case
of pointing the line of sight of an imaging satellite in low Earth
orbit toward multiple targets on the ground. This case was the main
motivation for developing the proposed nonlinear control logic.

VI. Multiple Ground Target Tracking
A simulation study of the nonlinear attitude control system de-

scribed in the preceding sections was performed for a realistic
mission with many closely placed ground targets. A simple satel-
lite con� guration with the inertia matrix of J D diag(3400, 3400,
1200) kg ¢ m2 was used. A regular six-sided pyramid arrangement
of 100 N ¢ m ¢ s CMGs was selected. The CMG gimbal axes have
a skew angle of 65 deg from the roll/pitch plane. This produces
an angular momentum ellipsoid with two equal major axes on the
roll/pitch plane and a minor axis in the yaw direction.The lower an-
gular momentum in the yaw direction still gives yaw approximately
20% more angular rate capability because of the small yaw inertia.
This means that the mission planner can plan, based on line of sight
(LOS), angle changes not accounting for the yaw component of the
maneuver.

The orbit used in a simulation was 250 £ 500 nm, inclined about
98 deg. Perigee occurs about one-third of the way through the sim-
ulation run. The distributionof sensor operationswas a � xed distri-
bution of the satellite maneuver angle. The location on the ground
was such that when, including the time of maneuver, the orbital
motion of the satellite and the rotation of the Earth would be from
a distribution with more small angles, but still having some large-
angle maneuvers. The location on the ground was not optimized in
a minimum time order but rather a desired maneuvering load.

The measureof an agile satelliteattitude control system is its abil-
ity to collect the maximum data from an area on the Earth that is rich
in data collection opportunities.The planner selects the orientation
of the satellite such that all data are scanned parallel to a latitude or
longitude line. The scan was done in pure roll with respect to the
Earth and in either direction. Each scan direction was selected such
that the minimum yaw was needed for the maneuver and the scan
direction continued in the direction of slew maneuver.

The schedule data transmitted to the satellite was latitude, longi-
tude,altitude,and time for the beginningof scan and the end of scan.
The control trajectorygeneratorused the two points and the times to
generate a constant rate trajectory that would pass through the two
points. At the end of a scan (data collection) the commanded trajec-
tory was stepped to the next scan trajectory.A particular simulation
result is shown in Fig. 12.

The time to make a maneuver was not repeatable for a given
change in LOS angle, but depended on the stored angular momen-
tum in theCMG array, the directionof the maneuver,and theamount
of yaw angle (not accounted for by the planner). The stored angular
momentum was maintainedat less than 10% of the total angularmo-
mentum, and, consequently, it was not a signi� cant factor. Angular
momentum determines the maneuver velocity. Saturation of angu-
lar momentum determinedthe velocity for large maneuversand that
the surface is not an ellipsoidal surface.

This complex problem of pointing the LOS of an imaging satel-
lite in low Earth orbit toward multiple targets on the ground was
the main motivation for developing the proposed nonlinear control
logic. However, this paper is not intended to describe the details of
this case.

Fig. 12 Multiple ground target tracking simulation results.

VII. Conclusions
A nonlinearfeedbackcontrollogicwas developedfor large-angle,

rapid retargetingmaneuvers subject to various physical constraints,
such as the actuator saturation, slew rate limit, control bandwidth
limit, etc. The proposed control logic utilized a variable limiter in
the quaternion-error feedback loop. Simulation results for an agile
spacecraft equipped with redundant single-gimbal control moment
gyros demonstrated the rapid retargetingcapability of the proposed
nonlinearfeedbackcontrol system.A more realisticcase of pointing
the LOS of an imaging satellite in low Earth orbit toward multiple
targets on the ground was also brie� y discussed.
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